Let Y be a real separable Banach space and (F KC (Y), d ∞ ) be the space of all normal fuzzy convex and upper semicontinuous fuzzy sets with compact support in Y, where d ∞ stands for the supremum metric in F KC (Y). In the present paper, several types of quadratic fuzzy set-valued functional equations are introduced based on the space mentioned above. We prove the Hyers-Ulam stability of the standard quadratic fuzzy set-valued functional equation by using the fixed point technique. Simultaneously, we also establish some Ulam type stability results of the Deeba and Appolonius type fuzzy set-valued functional equations by employing the direct method, respectively. The stability results of the corresponding single-valued and set-valued functional equations acting as special cases will be included in our results.
Introduction
Nowadays, the Ulam type stability is gradually becoming one of the most active research topics in the theory of functional equations. The study of such stability problems of functional equations originated from a question of Ulam [] concerning the stability of group homomorphisms, i.e.: It should be noted that the function f (x) = x  is a solution of the three equations above.
Let G  be a group and let G  be a metric group with the metric d(·, ·). Given > , does there exist a δ >  such that if a function h : G  → G  satisfies the inequality d(h(xy), h(x)h(y)) < δ for all x, y ∈ G  , then there is a homomorphism H : G  → G  with d(h(x), H(x)
Naturally, we call these equations quadratic functional equations and every solution a quadratic function (mapping Summing up the above, the Ulam type stability problem is whether, for a given mapping which satisfies approximately a functional equation (or which satisfies a functional inequality), there exists an exact solution of the corresponding functional equation such that the preceding mapping is sufficiently close to this solution. Usually, an appropriate metric associated with the corresponding space is chosen to characterize the error in functional inequalities. Certainly, a fuzzy metric is adopted in fuzzy environment. Unlike previous studies, Lu and Park [] first studied the stability of two types of additive set-valued functional equations, in which the inclusion relation is employed to measure the degree of approximation. Soon after, Park et al. [] further investigated the stability of quadratic, cubic and quartic set-valued functional equations. However, the disadvantage is that the obtained exact solution of these set-valued functional equations is just single-valued mapping. Recently, Kenary et al. [] studied the stability of several types of set-valued functional equations by using the fixed point method. It should be pointed out that the same skill has been applied to solve the Ulam stability problems of single-valued and set-valued functional equations, respectively.
The main objective of this paper is to further extend and establish some new Ulam type stability results of the quadratic functional equations mentioned above, in which the quadratic mapping is assumed to be a fuzzy set-valued mapping. More specifically, the standard quadratic, Deeba and Appolonius type fuzzy set-valued functional equations. In the mean time, the supremum metric will be used to estimate the error in fuzzy set-valued functional inequalities.
Preliminaries
In this section, we present some related concepts and results which are mainly derived from [-] .
Let Y be a real separable Banach space with the norm · Y . We denote by K(Y ) and K C (Y ) the set of all nonempty compact subsets of Y and the set of all nonempty compact convex subsets of Y , respectively. Let A and B be two nonempty subsets of Y and let λ ∈ R. The (Minkowski) addition and scalar multiplication can be defined by
Notice that the sets K(Y ) and K C (Y ) are closed under the operations of addition and scalar multiplication. In fact, these two operations induce a linear structure on K(Y ) and K C (Y ) with zero element {}, respectively. It should be noted that this linear structure is just a cone rather than a vector space because, in general, A + (-)A = {}. Moreover, for all λ, μ ∈ R, it follows that
Note that if A is convex and λμ ≥ , then (λ + μ)A = λA + μA.
Define the Hausdorff separation of B from A by
where S  denotes the closed unit ball in Y , i.e., S  = {y ∈ Y | y Y ≤ }. The Hausdorff separation of A from B can also be defined similarly. Based on these two types of separations, the Hausdorff distance between nonempty subsets A and B is defined by
In general, the Hausdorff distance has the following properties: 
In fact, the conditions (ii) and (iv) imply that [u]  is also compact. Moreover, we use the notation F KC (Y ) to denote the subspace of F(Y ) whose members also satisfy
, that is to say, u is fuzzy convex.
A linear structure can be defined in F(Y ) in a similar way to fuzzy sets in R or R n , by
is closed under these operations, and level setwise
is also closed under these operations. Based on the statement mentioned above, for any u, v ∈ F KC (Y ) and λ, μ ∈ R, the following equalities hold:
Therefore, it is easy to check that the set F KC (Y ) is just a cone defined on Y rather than a vector space.
As a generalization of the Hausdorff metric d H in K(Y ), the supremum metric is defined by
Remark  Every ordinary crisp subset A of Y can be identified with the fuzzy set on Y by its characteristic function χ
, and vice versa.
Especially, if A and B are simplified into two singleton sets {a} and {b}, respectively, then we can infer from equality () that d ∞ (χ {a} , χ {b} ) = d (a, b) , where d denotes the usual metric between a and b.
According to the properties of the Hausdorff metric, it can easily be shown that the supremum metric has the following properties:
Remark  If we restrict our attention to the set F KC (Y ), we then can prove that (F KC (Y ), d ∞ ) is a complete metric space by using the method analogous to that used in [, Proposition ..].
Here we recall a fixed point theorem in a complete generalized metric space which are useful in the next section. 
(ii) the sequence {J n x} converges to a fixed point y * of J;
Hyers-Ulam stability of the standard quadratic fuzzy set-valued functional equation
In this section, we shall establish the Hyers-Ulam stability of the standard quadratic fuzzy set-valued functional equation by using the fixed point technique.
Definition . Let X be a real vector space and let f : X → F KC (Y ) be a fuzzy set-valued mapping. The quadratic fuzzy set-valued functional equation is defined by
for all x, y ∈ X, where the equal sign means that the both sides of () (two fuzzy sets) are equal pointwise. Every solution of () is called a standard quadratic fuzzy set-valued mapping.
is a triangular fuzzy set-valued mapping, i.e., for every t ∈ X, f (t) is a triangular fuzzy set in R, which is defined by
where a, b are two nonnegative real numbers. From the definition of an α-level set of a fuzzy set, it follows that
for every t ∈ R and α ∈ [, ]. Thus, for every α ∈ [, ], it can easily be verified that
for all x, y ∈ X. This implies that f is a solution of () in R.
Remark  Let u  ∈ F KC (Y ) be a fixed fuzzy set. Accordingly, it is easy to check that f (t) = t  u  is also a solution of () by the same method as shown in Example .
Theorem . Let j ∈ {-, } be fixed and let ϕ :
for all x, y ∈ X. Assume that f : X → F KC (Y ) is a mapping with f () = I  which satisfies
for all x, y ∈ X, then
exists for each x ∈ X and defines a unique quadratic fuzzy set-valued mapping Q :
for all x ∈ X.
Proof Putting y = x in (), we can obtain
for all x ∈ X, since f () = I  and u ⊕ I  = u for any u ∈ F KC (Y ). Furthermore, it follows from () that
for all x ∈ X. Consider the set E = {g | g : X → F KC (Y ), g() = I  } and introduce the generalized metric D on E, which is defined by
where, as usual, inf ∅ = ∞. In can easily be verified that (E, D) is a complete generalized metric space (see [] , Theorem .). Now, we define an operator J : E → E by
for all x ∈ X. Let g, h be given such that D(g, h) = . Then
for all x ∈ X. Hence, we can obtain
This means that

D(Jg, Jh) ≤ LD(g, h)
for all g, h ∈ E. That is to say, J is a strictly contractive self-mapping on E with Lipschitz constant L < . Moreover, we can infer that from () and () that
According to Theorem ., there exists a mapping Q : X → F KC (Y ) satisfying the following: (i) Q is a fixed point of J, i.e.,
for all x ∈ X. The mapping Q is the unique fixed point of J in the set
which implies that Q is the unique mapping satisfying () such that there exists an η ∈ (, ) satisfying
(ii) D(J n f , Q) →  as n → ∞. This implies the equality
This shows that the inequality () holds.
Replacing x and y by  jn x and  jn y in (), we can infer that
which tends to zero as n → ∞ for all x, y ∈ X. Thus,
for all x, y ∈ X and therefore the mapping Q : X → F KC (Y ) is a quadratic fuzzy set-valued mapping, as desired.
Corollary . Let X be a real normed space and let p, θ be positive real numbers with
Proof In Theorem ., let ϕ(x, y) = θ ( x p + y p ). Then we can choose L =  j(p-) and we get the desired result.
Corollary . Let X be a real normed space and let p, θ be positive real numbers with
and we get the desired result.
Corollary . Let X be a real normed space and let p, q, θ be positive real numbers with
and we get the desired result. 
Hyers-Ulam stability of the Deeba type fuzzy set-valued functional equation
In this section, we will consider the Hyers-Ulam stability of the Deeba type quadratic fuzzy set-valued functional equation by using the direct method.
Definition . Let X be a real vector space and let f : X → F KC (Y ) be a fuzzy set-valued mapping. The Deeba type fuzzy set-valued functional equation is defined by
for all x, y, z ∈ X, where the equal sign means that the both sides of () (two fuzzy sets) are equal pointwise. Every solution of () is called a Deeba type fuzzy set-valued mapping.
Remark  In a similar way as shown before, it is easy to verify that the triangular fuzzy set-valued mapping f constructed in Example  is a solution of (). Similarly,
is also a solution of () for any fixed fuzzy set u  ∈ F KC (Y ). Moreover, these two examples are suitable for () which is introduced in the next section.
Lemma . Let X be a real vector space. For a given
satisfies the following inequality:
for all x, y, z ∈ X, then
for all x ∈ X and n ∈ N + .
Proof
According to the properties of the supremum metric, we can obtain
Furthermore, by substituting -x for x in (), we have
By () and (), we can infer that
which implies that the inequality () holds true for n = . By mathematical induction, we can assume that the inequality () is true for some n ∈ N + . Therefore, we have
which proves the validity of the inequality () for n + . This completes the proof.
Theorem . Let X be a real vector space. Assume that a mapping f : X → F KC (Y ) satisfies the inequality () and the following inequality:
for some θ ≥  and for all x ∈ X. Then there exists a unique Deeba quadratic fuzzy setvalued mapping Q :
for all x ∈ X with Q(x) = Q(-x).
Proof According to Lemma . and the condition (), we can infer that
For n ≥ m, by (), we can obtain
It is easy to see that the sequence { -n f ( n x)} is Cauchy sequence, since the last expression of the inequality () tends to zero as m → ∞. From the completeness of the metric space
To show that Q satisfies (), one can replace x, y, z in () by  n x,  n y,  n , z, respectively, it follows that
Dividing both sides by  n in the last inequality, and by letting n → ∞, it is easy to see that Q is a solution of (). In a similar manner, we can find the condition () implies that Q(x) = Q(-x). Moreover, by letting n → ∞ in (), it can easily be verified that the inequality () holds true. Now we show the uniqueness of Q. Let Q be another Deeba quadratic mapping which satisfies the equality () and the inequality (). It is obvious that Q( n x) =  n Q(x) and
for all x ∈ X and n ∈ N. Then it follows from () that
for all x ∈ X. By letting n → ∞, we conclude that Q(x) ≡ Q (x). The proof of the theorem is now completed. for all x ∈ X with A(x) ⊕ A(-x) = I  .
Proof By Lemma . and the condition (), we have
By the preceding inequality, for n ≥ m, we can obtain
which means that the sequence { -n f ( n x)} is a Cauchy sequence in the complete metric space (F KC (Y ), d ∞ ). Therefore, we can define
for all x ∈ X. Using the same argument as in the proof of Theorem ., we conclude that the mapping A satisfies the equality () with A(x) ⊕ A(-x) = I  . Clearly, we get A() = I  .
Putting z = -y in (). According to the preceding properties of A, let u = x + y, v = x -y, we can obtain
That is to say, the mapping A is additive fuzzy set-valued mapping due to [] . We now show that A is a unique Deeba type additive mapping. Let A be another mapping which satisfies the equality () and the inequality (). Since A( n x) =  n A(x), satisfies
